Abstract-We present a lumped element parametric model for the clamped circular membrane of a capacitive micromachined ultrasonic transducer (cMUT). The model incorporates an electrical port and two sets of acoustic ports, through which the cMUT couples to the medium. The modeling approach is based on matching a lumped element model and the mechanical impedance of the cMUT membrane at the resonance frequencies in vacuum. Very good agreement between finite element simulation results and model impedance is obtained. Equivalent circuit model parameters can be found from material properties and membrane dimensions without a need for finite element simulation.
I. Introduction P iezoelectric and piezomagnetic transducers are very successfully modeled by means of both distributed equivalent networks and lumped element circuits. The research and results obtained over fifty years make reliable and accurate designs possible. A very good account of the history of model development for these devices is given in [1] .
Capacitive ultrasonic transducers, on the other hand, followed a different route. These transducers have been in existence for a longer period. Mason derived an acoustical impedance expression for an unbiased membrane of such a transducer in 1942, when operated in vacuum [2] . Similarly, the dynamic behavior of an unbiased transducer at low frequencies in vacuum was modeled by a lumped element equivalent circuit many years ago [2] , [3] . Such modeling is very useful for single capacitive microphones with very thin membranes and for airborne applications only, because air presents very light acoustic loading. Capacitive micro-machined ultrasonic transducers (cMUTs), which belong to this class, emerged in the last decade as a result of developments in microfabrication technology [4] , [5] . The very promising potential of these devices attracted attention to the modeling of these devices under different acoustic loading conditions.
The developments in the modeling of cMUTs can be categorized into three types: (a) mathematical modeling, (b) modeling with simulations, and (c) modeling with Manuscript received September 26, 2006 ; accepted January 8, 2007 . This work was supported in part by TUBITAK under project grant 105E023.
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Digital Object Identifier 10.1109/TUFFC.2007.376 equivalent circuits. Both electrical and mechanical modeling are employed in these approaches. Most of the work done up to now includes the modeling and optimization of a single device [6] , [7] or an array of cMUTs [8] [9] [10] [11] [12] [13] in immersion medium with finite element simulations, experimental work, and theoretical approaches. In a typical approach to obtain an equivalent circuit model, the starting point is the solution of the differential equation that describes the membrane motion [2] and the calculation of the mechanical impedance of the membrane [5] , [14] , [15] . In this approach, using this impedance in series with the spring-softening negative capacitance and the radiation impedance of an equal-sized piston forms the equivalent circuit. It is shown in [16] and [17] that including the mechanical impedance of the membrane obtained in vacuum into the equivalent circuit directly is not sufficient to model the cMUT properly, especially for immersion devices. It is possible to find the membrane shape under bias analytically [18] , but mechanical impedance of the membrane cannot be calculated under nonuniform force distribution when biased or with partial electrode coverage. In this case, a finite element (FEM) simulation is required that can be done with cMUT-specific packages [9] , [19] [20] [21] or with a commercially available software package [22] [23] [24] [25] . Moreover, these simulations can be used to predict the loss mechanisms [26] , or predict induced effects such as bending stress in the membranes [27] . FEM simulations provide a very good infrastructure for testing designs. There is a need for the guidance provided by an accurate equivalent circuit to design cMUTs. A common practice is to employ an equivalent circuit generally referred to as Mason's equivalent circuit or the same equivalent circuit with Mason's impedance expression replaced by a series LC section [2] , [5] , [14] , [15] . These equivalent circuits predict both the mechanical and electrical domain small signal operations at frequencies lower than the resonance frequency reasonably. It is possible to obtain the equivalent circuit parameters from measurement [28] or from simulations. Equivalent circuits can also include the loss mechanisms, such as energy coupling to membrane supports, which can be observed in FEM simulations [29] . Modeling approaches are employed to improve the electrical termination for better performance [30] or for better electromechanical coupling [31] .
cMUTs are typically used immersed in water. Immersion cannot change the mechanical structure of the membrane but interaction between the immersion medium and the membrane affects the dynamics of the membrane. Our principle aim is to derive an accurate lumped element model for a cMUT cell, which can subsequently be used for cells in arrays. We aim to model for the radiation impedance of individual cells when immersed in liquid, coupling among the cells, and radiation impedance of the array, similarly, using the parametric model for a single cell. In order to achieve this goal, the following effects must be modeled and combined:
• Mechanics of the membrane, excluding the effect of electromechanical coupling, • The electromechanical transformer ratio, • Coupling between cells in an array, • Radiation impedance of an array of cMUT cells immersed in liquid, • The nonlinear behavior of cMUT when it is driven by large amplitude signals.
This kind of model enables one to design cMUT arrays without using FEM simulations. Using such a model makes it possible to employ very powerful techniques offered by circuit theory in design and analysis, as in the case of piezoelectric transducers. In this paper, we present an equivalent circuit model for membrane mechanics, which is the first step toward a comprehensive parametric model. Behavior of the membrane in vacuum is determined only by the mechanical structure and material properties of the membrane. In other words, vacuum is the most suitable medium to characterize the mechanics of the membrane, since it isolates the effects induced by the immersion. We present a parametric modeling approach to produce a lumped element model for a cMUT membrane, where model parameters are derived from its operational characteristics in vacuum only. It is shown that the parameters in the model have fixed numerical values when stripped from material properties, which we call normalized circuit element values. We show that the proposed approach and the model describe the linear operation of a cMUT membrane very accurately under different operational conditions.
We use the Mason's impedance expression [2] for a membrane without any bias as the starting point. A normalization procedure is proposed which yields a dimensionless impedance expression defined over a dimensionless frequency range. This allows us to determine the model parameters in a normalized form, which are independent of material properties. It is shown that these parameter values are the same for all membranes made of any material used in cMUT production and for all possible membrane dimensions. These dimensionless parameters are then denormalized to model the particular cMUT membrane.
Mason's impedance expression models thin membranes, where radius-to-thickness ratio is very large, quite accurately. When the membranes are thick, their dynamic behavior deviates from the predictions of this model. We show that the same approach can be extended to membrane dimensions that violate the explicit and implicit assumptions in Mason's impedance expression and to membranes that are biased in a way similar to that used in cMUT operation. We performed FEM simulations for unbiased membranes with radius-to-thickness ratios ranging from 5 to 80, and obtained normalized model parameters as a function of this ratio only. Then we considered the effect of bias on the model parameters of similar membranes. We simulated biased membranes and show that few model parameters are affected by bias. We present accurate expressions to represent this effect in terms of bias voltage and gap height-to-thickness ratio.
II. Parametric Modeling of cMUTs in Vacuum

A. Mason's Impedance Expression for Clamped Thin Membranes
The theory of operation of capacitive transducers has been known for a century. The mechanical behavior of clamped thin membranes in vacuum is well studied. The mechanical impedance, defined as the ratio of the pressure to the volume velocity, of such a membrane when the membrane is driven by a uniformly distributed force over its surface has been given by Mason [2] . The ratio of total force to average velocity, which is volume velocity divided by the surface area, is a more useful impedance definition from a measurement and simulation point of view, and is equal to the Mason's impedance multiplied by the square of the surface area. Accuracy of this impedance expression is also verified by experiments [5] , [15] and by simulation [22] . The impedance, jXm(ω) = (total force)/(average velocity), is given below in a normalized form:
,
where a is the radius, S is area πa 2 , ρ is the density of the membrane material, l t is the thickness, and hence Sρl t is the mass of the membrane. The arguments are x 1 = k 1 a and x 2 = k 2 a, and are interrelated as
where
Y o is Young's modulus, σ is the Poisson's ratio of the material, and T is the residual stress.
The angular frequency is
where ω n = x 1 x 2 is the normalized angular frequency. Hence
When there is a residual stress in the membrane, the two frequency parameters, x 1 and x 2 , are related through a 2 d/c, which is a function of residual stress, material properties, and the radius-to-thickness ratio, a/l t .
Let jX n (ω) denote the normalized impedance as
When written in this form, the normalized impedance expression is independent of membrane dimensions and material properties in the absence of residual stress in the membrane. This expression is dependent only on the circular geometry of the clamped membrane. The zeroes and poles of this equation describe the resonances and antiresonances of a circular membrane in terms of normalized angular frequency, ω n , which is also independent of material properties and dimensions. Transduction elements, which operate in thickness mode or any other extensional mode, also have a distributed nature, and are very successfully modeled by sections of transmission lines, whether they are bulk-or shearwave devices [1] . While extensional mode devices lend themselves readily to transmission line models, vibrating membranes do not. Unlike extensional mode devices, clamped membrane dimensions (radius or thickness) do not change during vibration, despite the fact that the surface area changes. The resonances of this structure follow a sequence predicted by the impedance in (1), which is significantly different from what transmission lines can predict. The mechanical resonance frequencies are not equally spaced. Such a resonance behavior describes a modal structure, which can better be modeled by a lumped element circuit, rather than transmission lines.
In this work we adopted a lumped element approach to produce a parametric model for a clamped membrane vibrating in vacuum. It is shown that a circuit model of the form given in Fig. 1 represents the mechanical dynamics of the membrane exactly.
In order to determine the model parameters of Fig. 1 , it is sufficient to match the model impedance and (6) at the first series resonance frequency and at as many parallel resonance frequencies as required [32] . As far as the model order is concerned, we need a resonating LC (inductorcapacitor or mass-spring) section for each of the first series resonance and successive parallel resonances. In other words, we must maintain and
where ω s1 is the normalized angular frequency of the first series resonance. We also have
and
where B n (ω n ) = −1/X n (ω n ), and ω pi are the normalized parallel angular resonance frequencies ω p1 , ω p2 , etc., for successive parallel resonances. We note that the actual membrane reactance X m and susceptance B m can be found from their normalized counterparts using (6) . Their respective derivatives are related to the derivatives of X m and B m as
B. Model of a Clamped Thin Membrane Without Any Residual Stress
, and their derivatives at these frequencies are rational polynomial functions of the radial frequency, where the polynomial coefficients are functions of the model parameters,
. . , of the circuit in Fig. 1 . Model parameters must be determined such that (7) to (10) are satisfied.
If the first i many parallel resonances are considered, the set of equations given in (7) to (10) provides 2(i + 1) independent equations. We can determine
where k = i + 1, uniquely using these equations. The details of this procedure are described in Appendix A. The model parameters for k = 1 and k = 4 are given in Fig. 2 .
There is excellent agreement between the impedance of this model and the impedance expression in a frequency range up to the largest parallel resonance frequency used in the modeling. A comparison of the agreement of the model impedance and the normalized Mason's impedance expression is given in Fig. 3 . The rms error calculated up to the first parallel resonance frequency is 58% for the first-order model and 0.002% for the fourth-order model. A similar agreement is also obtained in thin membranes, such as the one with an a/l t ratio of 80.
The fourth-order model represents the membrane behavior very accurately over the frequency range up to the third parallel resonance.
As the model order is increased, the inductive element L 1 decreases and L 2 increases, while L 1 + L 2 remain almost constant at about 1.8. This value is the approximate series inductance in [2] , effective in the vicinity of series resonance. L 1 + L 2 contain the mass of the membrane, which corresponds to a normalized inductance of 1. All other inductive elements are pseudo masses, and are present because of the fact that the membrane is clamped and vibrating. This is in agreement with the way the impedance is defined in Mason's expression. Only the average value of the particle velocity distribution across the membrane surface is considered when calculating the impedance. However, the deviations from the average velocity also represent an energy content taken away from the driver, and even have resonances. This impedance definition means that we are basically driving the membrane disc, and any other mechanical activity, such as wrinkles on the surface, takes its energy from this driving force. Inductances other than the membrane mass contained in L 1 + L 2 represent the motional elements of this activity.
It is important to note here that the normalized model parameters are valid for a thin membrane as long as it is circular and clamped. The denormalized parameters,
, of a particular membrane can be obtained using the following relations:
C. Thick Membranes A fundamental assumption in Mason's impedance expression is that the membrane is very thin, or, in other words, the radius-to-thickness ratio, a/l t is very large compared to unity. The effect of the membrane thickness on the stiffness is only implicit in the coefficient "c." The performance of this model can be checked by comparing the impedance found for the model to the impedance obtained by simulating cMUT membranes of increasing a/l t ratio in vacuum.
We simulated silicon nitride membranes with a radius a = 20 µm and a/l t ratio of 80, 40, 20, and 10 in vacuum using the finite element method (ANSYS; ANSYS, Inc., Canonsburg, PA). The membrane is driven by a uniform force distribution, and impedance of the membrane is evaluated as the ratio of total force to the average particle velocity on the surface. We observed very good agreement when a/l t = 80. However, as the membrane gets thicker, a discrepancy between the model predictions and simulation results emerges. The fourth-order model impedance is plotted in Fig. 4 together with simulation results for a/l t = 10, where the model impedance is significantly different. It is clear that the thicker membranes vibrate in a different manner compared to a thin membrane, even when they are unbiased. The methodology developed above is valid for thick membranes also. Using the same model morphology of Fig. 1 , normalized model parameters are recalculated using values obtained from the FEM results for a/l t = 5, 10, 20, 40, and 80, in the same way as in Section II-B. For different a/l t , we found the following cubic polynomials for model parameters, which approximate them up to the third significant figure.
The polynomial coefficients q i for a fourth-order model are given in Table I .
We compared the finite element simulation results with the model impedance for different a/l t values. There is excellent agreement for a/l t = 20 for frequencies up to the third parallel resonance frequency. Fig. 5 shows the performance of the model for a thicker membrane (a/l t = 5), where a good agreement up to the second parallel resonance frequency is observed.
We also studied the dependence of the normalized model parameters to the variation of material properties Table I , for a thick membrane compared with finite element simulation.
in thick membranes. A membrane with an a/l t ratio of 20 but made of three different materials were simulated. Materials were silicon, silicon nitride, and silicon carbide, which is comparatively stiffer. All normalized parameters obtained for the model are similar to that of silicon nitride within 0.1%, which shows that normalization given here strips the normalized model of material properties in thick membranes also.
In line with Mason's assumptions, a circular symmetry in the membrane and in the driving conditions is assumed. The circular cMUT membranes conform to this assumption and two-dimensional models are adequate for simulations. On the other hand, asymmetric modes cannot appear under this assumption. Excitation of asymmetric modes is not expected since we consider isolated single membranes and there is no loading on the membrane in vacuum.
D. Model of a Biased cMUT Membrane
cMUTs are typically operated under a stress bias in order to obtain better electromechanical energy conversion. This is applied by means of a dc voltage, V dc , across the electrical terminals. This voltage level is set slightly below the collapse voltage, V collapse ,
where d o is the effective gap height [33] . The generated force which attracts and bends the membrane toward the substrate is related to this voltage approximately as [15] 
Applying this force induces a bending stress in the membrane as it is deflected. The resonance frequencies are affected by the presence of this induced stress. Mason's impedance expression considers the effect of residual stress in clamped membranes, which are made of very light and compliant materials. In that case the residual stress overwhelms the stiffness of the membrane and Mason's expression provides a clear indication for resonance frequencies and other parameters required for modeling. A uniformly distributed residual stress is assumed in Mason's model, and its effect is considered as an increase in Young's modulus. This may accurately represent the stress produced in cMUT membranes during manufacturing. The stress induced by biasing, however, is not uniform across the membrane and must be modeled accordingly.
We performed FEM simulations for circular silicon nitride membranes with different a/l t and a/d o ratios for different bias conditions and found the respective mechanical impedances. An iterative approach is followed to find the membrane deflection and the deflecting force distribution under static conditions [22] . In this procedure, we first applied dc bias to the un-deflected membrane and calculated the electrostatic forces. These forces are then applied to the membrane, which results in the membrane deflection. Since the electrostatic forces in the deflected membrane are different, these forces are recalculated and applied to the membrane again. We continued the iteration until the membrane deflection converged under static conditions. At this point, static deflecting force distribution is obtained. We used this distribution to pre-stress the membrane and then superimposed a uniformly distributed small signal sinusoidal driving force upon the membrane to find the mechanical impedance. The mechanical impedance is calculated as the ratio of the ac force phasor applied to the membrane divided by the resulting average velocity phasor.
We calculated the normalized mechanical impedance parameters for a/l t ratios ranging between 10 and 160, a/d o ratios ranging between 13.3 and 160, while bias voltage is varied between 0 and 99% of the collapse voltage for each membrane. We found the collapse voltage by simulation for each a/l t and a/d o combination. We observed that the collapse voltage levels obtained in finite element simulations are 1% to 3% lower than the values obtained from the approximate expression given in (16) . We calculated the normalized model parameters again using the procedure given in Appendix A and compared the model impedances and those obtained by FEM simulation. We observed excellent agreement up to the third parallel resonance frequency, as in the case of an unbiased membrane.
The deviation in model parameters from their unbiased values depends only on the effective gap heightto-thickness ratio, d o /l t , and on the applied voltage-tocollapse voltage ratio, γ, in a very predictable manner. This deviation is observed only in thin membranes with large gap height. The model parameters are essentially unchanged otherwise. For example, any level of bias cannot induce any observable change in any of the parameters, except C 1 , for a d o /l t ratio less than 0.5. The deviation in C 1 is also very small, less than 3% at 95% bias. This is an expected result in a relatively thick membrane made of a stiff material. The stiffening caused by the induced stress remains negligible compared to the natural stiffness of the material even under strong biasing conditions. Transducers designed for immersed operation fall into this region, because the collapse voltage is relatively low when d o /l t < 0.5. On the other hand, thin membranes with large gap height may be of interest in airborne applications. L 1 remains unchanged under all conditions. We observed that most pronounced change occurs in C 1 compared to other parameters. C 1 becomes stiffer as the d o /l t ratio and γ are increased. The change in the ratio of C 1 for a biased membrane to its unbiased value is given in Table II . The bias level, γ, in the table is taken as the ratio of the applied bias voltage to the approximate collapse voltage given in (16) rather than the one calculated in simulations, in order to facilitate the direct calculation of C 1 . The table allows interpolation for C 1 within 1% accuracy. L 2 is less affected. The decrease in L 2 compared to that in an unbiased membrane is similarly depicted in Table III. Other normalized model parameters are affected by bias to lesser extent. This effect is depicted in Table IV in Appendix B. Any effect becomes observable in these parameters when the membranes have high d o /l t ratios and they are strongly biased. Such membranes are usually useful in airborne applications for transmission. The acoustic loading presented to the membrane is low in air and the operation bandwidth is limited to a small range in the vicinity of series resonance frequency. In this frequency range, the effects of these model parameters are negligible and can be ignored.
We investigated the variation in the model parameters of biased membranes, when the materials are different. We simulated similar membranes (a/l t = 80 and a/d o = 26.7) made of silicon and silicon carbide biased at 90% of the collapse voltage. The differences between normalized parameters obtained from membranes made of either one of the materials were negligible.
The unbiased model parameters provide an accurate representation for biased cMUT membranes. The effects of bias induced stress in the membrane are included in the normalized parameters. This allows us to use the parameter "c" as it is defined in Mason's model during denormalization.
III. Parametric Model of a Clamped Membrane as a Multiport Device
A cMUT membrane has two opposite surfaces (faces) which are in contact with the respective media. Any acoustic model of cMUT must have two symmetric acoustic ports. Driving force is applied between the back electrode surface and the membrane (e.g., negative for the inner surface-facing bottom electrode and positive for the outer surface). The model given in Fig. 1 is the model of a membrane in vacuum. The model is rearranged as in Fig. 6(b) to accommodate an input port and two sets of symmetric acoustic ports, without affecting its fundamental morphology in Fig. 1 . The sense of particle velocity and force variables at every port is chosen as shown in the physical picture in Fig. 6(a) .
The direction of both the force and the particle velocity on each face is chosen outward from the membrane. The reaction forces effective on both surfaces, F fi and F bi , are zero, because of the vacuum termination. This rearrangement implies infinitely many acoustic ports, although there are only two faces on the membrane.
These extra ports emerge, because Mason's equation, or equivalently, the way we obtain impedance from simulation results has an implicit fundamental assumption. Defining the velocity component used in impedance calculation as the average velocity is equivalent to assuming that the impedance is the impedance of a rigid disc. We are considering the velocity of the rigid piston only. As long as the frequency is very low compared to the first parallel resonance, in vacuum any model parameters other than L 1 , C 1 , and L 2 have minimal or no effect on the vibration of the membrane. The series circuit formed by these three elements constitutes the rigid piston motion path. This path is between ports f1 and b1 via input port and connects the mechanical terminals to two acoustic ports, f1 and b1. The acoustic ports correspond to two surfaces of the membrane.
The membrane surface becomes corrugated when it is driven at higher frequencies. Parallel resonances appear as the frequency increases. Although the average velocity on the surface becomes zero, and consequently impedance reaches a maximum, the particle velocity components distributed on the surface are not zero and carry energy. This energy is taken away from the disc motion path. When the membrane is immersed in a fluid, the acoustic loading on the surface of the membrane (or both surfaces) affects both the corrugation formation at the surface and all natural resonance frequencies. In order to understand the interaction of the membrane mechanics and acoustic media, all of these extra acoustic ports, f2, b2, f3, b3, etc., must be maintained in the model.
We included a 1:1 ideal transformer between the piston path and the rest of the model and associated ports, which accounts for surface corrugations, as shown in Fig. 6(b) . Total particle velocity (total flow) in all of the ports, f2, f3, . . . , which represent surface corrugation on front surface, must be equal to the total corrugation velocity on the back surface ports b2, b3, . . . . The transformer maintains this continuity condition. It is necessary in order to avoid direct and independent connection between the acoustic media and driving input through any one of these ports individually. This part of the circuit is energized by the rigid piston motion but affected by loading indirectly. Inclusion of this ideal transformer with 1:1 turns ratio does not change the basic model morphology of Fig. 1 .
The model in Fig. 6(b) is a parametric model of a clamped membrane which characterizes the membrane mechanics in vacuum and where all mechanic and acoustic ports are defined. The membrane model remains unvaried when immersed. The model is tested for a/l t ratios larger (15) is also valid for a/l t > 5. The model parameters are determined from the vibration properties in vacuum only.
The cMUT model, complete with the approximate electromechanical coupling part, is shown in Fig. 7 . The model can be connected to different acoustic terminations at two different surfaces. We confined the model order to four since a very good representation is obtained in a large frequency range containing the range of interest.
The mechanical parameters in the model in Fig. 7 are fully assessed in this paper. Studies on accurate modeling of the electrical clamp capacitance C 0 reveals that increasing bias voltage increases its value slightly. When the membrane is biased near collapse, the value of C 0 is increased by about 10% at maximum, compared to its unbiased value. The accurate determination of the turns ratio, n, is also very important and is not studied in this work. The negative series capacitance, which represents the spring softening effect, is also known to deviate from −C 0 . Various approximations for these three parameters are reported in many references for different operating conditions, which can be used in this model. A reliable estimate of these parameters will complement the accuracy in the mechanical sections.
FEM simulations are necessary in order to model the clamp capacitance, turns ratio, and the spring softening (a series negative capacitance) under different bias conditions. A complete electromechanical cMUT model can then be obtained. This is possible and requires further research. The interim results of a work to determine the values of the turns ratio and the clamp capacitance as a function of the ratio of bias voltage to the collapse voltage, using simulation results in conjunction with the membrane model parameters, are reported in [34] .
IV. Application of the Model
To gain physical insight into the model, we provide an example. Let us consider a silicon nitride cMUT membrane with an a/l t of 60 and an effective gap height d 0 of 0.6 micron biased at 90% of V collapse , which has a 20-micron radius. Using the formulas in (15) together with Table I , we determine the normalized model parameter values for the unbiased membrane first. Then we apply the correction to C 1 and L 2 for bias using Tables II and III (14) by substituting the properties of silicon nitride and the dimensions of the membrane into these equations. The input impedance of the model is plotted together with impedance obtained by FEM simulation in Fig. 8 . There is very good agreement between the two impedances up to the third parallel resonance frequency, although none of the parameters except C 1 and L 2 are corrected for bias.
Modeling the interaction of the membrane with the acoustic medium accurately also requires further research. We reported the initial results of a research on this matter in [35] , where the membrane model presented in this paper is employed. Preliminary results show very good agreement with measurements.
V. Discussion and Conclusions
A parametric modeling methodology for the mechanical impedance of a circular cMUT membrane is developed and presented. We showed that a lumped element model predicts the membrane dynamics very accurately when operated in vacuum. The modeling approach involves a novel normalization method, which strips the normalized model parameters from membrane material properties. The mechanical impedance of biased membranes obtained by means of FEM simulations for different radiusto-thickness ratios and different radius-to-gap height ratios are used to derive the normalized parameters as a function of these ratios. The modeling method employs the first series resonance frequency and the derivative of the mechanical reactance at this frequency, and parallel resonances and the derivatives of the susceptance at these resonances.
The frequency range in which the model is valid depends on the order of the model. As the order increases, more lumped elements are needed and the cMUT is modeled very accurately over a wider range. The model order increases by one additional LC section for every successive resonance considered, and the validity range is up to the frequency of the highest resonance considered. It is more important to have a model that represents the membrane behavior accurately in the frequency range of interest. The model parameter generation polynomials are given in (15) . The parameters obtained from these polynomials are accurate approximations for a/l t > 5.
We also investigated the normalized model parameters of biased membranes. We demonstrated that the parameter values depend only on the gap height-to-thickness and applied voltage-to-collapse voltage ratios. We found out that the model parameters remain unchanged for any bias level for cMUTs designed for immersion, which normally have a low gap height-to-thickness ratio. Interpolation tables are provided for determination of parameter values within 1% accuracy up to 95% bias and effective gap height-to-thickness ratio of 6.
The full cMUT parametric model, with an approximate electromechanical coupling model, is given in Fig. 7 . It has one electrical port and two sets of acoustic ports, which correspond to the two opposite faces of the membrane. Available approximations for the clamp capacitance, C 0 , spring softening negative series capacitance, and the turns ratio, n, can be used in the model. The model can be coupled to any acoustic termination on either port.
Appendix A
The parallel resonances of the circuit in Fig. 2(b) are independent of the series branch components, C 1 and L 1 . This enables us to obtain the parallel branch element values independently.
The susceptances B 2 and B 1 in Fig. 2(b) are rational polynomials of radial frequency:
where the polynomial coefficients are functions of the circuit parameters and
At each parallel resonance frequency, B 1 is zero. If, for example, the first three successive resonances are considered, there are three independent equations at these resonance frequencies, ω p1 , ω p2 , and ω p3 , respectively. The radial frequency is known in each of these equations. We first determine the coefficients of the rational polynomial and then find the model parameters. 
As the order increases, higher powers of ω pi are used in (22) , and conditioning the coefficient matrix must be considered in order to avoid ill matrix formation, while obtaining c, d, and e. We can express the value of the derivative of B 1 at each parallel resonance frequency as 
The components of the parallel branch are related to a, b, c, d, e, and L 2 as and
The total reactance of the series branch is zero at the series resonance frequency, ω s , yielding
Also, the derivative of the total reactance at series resonance is β, hence we have,
We solve (26) and (27) to obtain C 1 and L 1 . 
